Abstract. We develop a general approach to study geometric flows on homogeneous spaces. Our main tool will be a dynamical system defined on the variety of Lie algebras called the bracket flow, which coincides with the original geometric flow after a natural change of variables. The advantage of using this method relies on the fact that the possible pointed (or Cheeger-Gromov) limits of solutions, as well as self-similar solutions or soliton structures, can be much better visualized. The approach has already been worked out in the Ricci flow case and for general curvature flows of almost-hermitian structures on Lie groups. This paper is intended as an attempt to motivate the use of the method on homogeneous spaces for any flow of geometric structures under minimal natural assumptions. As a novel application, we find a closed G2-structure on a nilpotent Lie group which is an expanding soliton for the Laplacian flow and is not an eigenvector.
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Introduction
The aim of this work is to develop a general approach to study geometric flows on homogeneous spaces which relies on the variety of Lie algebras. The approach has been worked out in [L7, L8] for the homogeneous Ricci flow, in [LL1] for Ricci solitons on homogeneous spaces and in [L9] for general curvature flows of almost-hermitian structures on Lie groups (see Section 5 for a short overview on more applications). This paper is intended as an attempt to motivate the use of the method on homogeneous spaces for any geometric evolution under minimal natural assumptions.
We consider a geometric flow on a given differentiable manifold M of the form ∂ ∂t γ(t) = q(γ(t)),
where γ(t) is a one-parameter family of (tensor fields attached to) geometric structures on M and γ → q(γ) is an assignment of a tensor field on M of the same type associated to geometric structures of a given class. Typically q(γ) is a curvature tensor, a Laplacian or the gradient field of some natural geometric functional. Recall that a geometric structure may be defined by a set of tensor fields γ (e.g. a almost-hermitian structures), so in that case the geometric flow will consist of a set of differential equations, one for each tensor. Our basic assumption is that the flow is invariant by diffeomorphisms, i.e. q(ϕ * γ) = ϕ * γ for any ϕ ∈ Diff(M ).
Remark 1.1. However, in the case when a complex manifold (M, J) is fixed and a flow for hermitian metrics or any other geometric structure γ on (M, J) is to be considered, the tensor q and so the flow will be assumed to be only invariant by bi-holomorphic maps of (M, J) rather than by diffeomorphisms of M . The symplectic analogous assumption will be made for flows of compatible metrics on a fixed symplectic manifold and its symplectomorphisms.
1.1. Geometric flows on homogeneous spaces. On a homogeneous space M = G/K, if we fix a reductive (i.e. Ad(K)-invariant) decomposition g = k ⊕ p, then any G-invariant geometric structure on M is determined by an Ad(K)-invariant tensor γ on p ≡ T o M . Therefore, by requiring G-invariance of γ(t) for all t, the flow equation becomes equivalent to an ODE for a one-parameter family γ(t) of Ad(K)-invariant tensors on the single vector space p of the form
(1) d dt γ(t) = q(γ(t)).
Thus short-time existence (forward and backward) and uniqueness (among G-invariant ones) of solutions are guaranteed. This is an advantageous feature, as for most of the geometric flows studied in the literature, short-time existence and uniqueness of solutions are still open problems in the noncompact general case.
A second assumption we make on the geometric structure is that for any fixed γ, the orbit
is open in the vector space T of all tensors of the same type as γ. Such orbit consists precisely of those tensors which are non-degenerate in some sense. We note that this holds for many classes of geometric structures, including Riemannian metrics, almosthermitian and G 2 structures (see Example 2.1). Consider θ : gl(p) −→ End(T ), the representation obtained as the derivative of the natural left GL(p)-action on tensors (i.e. θ(A)γ := d dt | 0 e −tA * γ). If gl(p) = g γ ⊕ q γ is an Ad(G γ )-invariant decomposition, where G γ ⊂ GL(p) is the stabilizer subgroup at γ and g γ := {A ∈ gl(p) : θ(A)γ = 0} its Lie algebra, then, for each tensor q ∈ T , there exists a unique linear operator (3)
Q : p −→ p, Q ∈ q γ , such that q = θ(Q)γ.
Remark 1.2. In the complex case (see Remark 1.1), GL(p) must be replaced with GL(p, J) := {h ∈ GL(p) : hJ = Jh}, which is isomorphic to GL n (C) if dim M = 2n, and with Sp(p, ω) := {h ∈ GL(p) : h t Jh = J} ≃ Sp(n, R)
in the symplectic case.
Let γ(t) be a G-invariant solution on the homogeneous space M = G/K to the geometric flow (1), starting at γ := γ(0). Assume that G is simply connected and K connected, so M is simply connected. Since γ(t) is nondegenerate, for each t there exists h(t) ∈ GL(p) such that γ(t) = h(t) * γ (see (2)). This implies that, for each t, there is an equivalence of geometric structures ϕ(t) : (M, γ(t) ) −→ G µ(t) /K µ(t) , γ , where
µ(t) :=h(t) · [·, ·] =h(t)[h(t)
−1 ·,h(t) −1 ·],h(t) := G µ(t) is the corresponding simply connected Lie group and K µ(t) the connected Lie subgroup of G µ(t) with Lie algebra k. Indeed, the equivariant diffeomorphism ϕ(t) defined by the Lie group isomorphism G −→ G µ(t) with derivativeh(t) satisfies that γ(t) = ϕ(t) * γ. Note that for each t, the homogeneous space G µ(t) /K µ(t) is equipped with the G µ(t) -invariant geometric structure determined by the fixed tensor γ.
A natural question arises: How does the family of Lie brackets µ(t) evolve?
1.2. Bracket flow. It follows from (3) that for each t, there exists a unique operator Q t ∈ q γ(t) such that q(γ(t)) = θ(Q t )γ(t). We can now formulate our first main result (see Theorem 4.3 for a more complete statement).
Theorem 1.3. If h(t) ∈ GL(p) solves the ODE
d dt h(t) = −h(t)Q t , h(0) = I, then γ(t) = h(t) * γ and
where Q µ ∈ q γ is the operator defined by θ(Q µ )γ = q(G µ /K µ , γ) and δ µ : gl(g) −→ Λ 2 g * ⊗g is given by δ µ (A) := µ(A·, ·) + µ(·, A·) − Aµ(·, ·), ∀A ∈ gl(g). Conversely, if µ(t) is a solution to (4) and h(t) ∈ GL(p) solves the ODE d dt h(t) = −Q µ(t) h(t), h(0) = I, then γ(t) = h(t) * γ and µ(t) :=h(t) · [·, ·] for all t.
Evolution equation (4) is called the bracket flow. A direct consequence of the theorem is that the geometric flow solution γ(t) and the bracket flow solution µ(t) differ only by pullback by time-dependent diffeomorphisms. Thus the maximal interval of time (T − , T + ) where a solution exists is the same for both flows, so the bracket flow can be used as a tool to study regularity questions on the flow (see Sections 4.2 and 4.3). We prove for instance that the velocity of the flow q(γ(t)) must blow up at a finite-time singularity (i.e. either T + < ∞ or T − > −∞) for any geometric flow.
The previous theorem has also the following application on convergence, which follows from the discussion given in Section 3.4, based on [L7] , on convergence of homogeneous manifolds. Suppose that the class of geometric structures involved either contains or determines a Riemannian metric g γ for each γ (e.g. almost-hermitian and G 2 structures).
Corollary 1.4. Assume that µ(t k ) → λ for some subsequence of times t k → T ± .
(i) If there is a positive lower bound for the (Lie) injectivity radii of the G-invariant metrics g γ(t k ) on M = G/K, then, after possibly passing to a subsequence, the Riemannian manifolds M, g γ(t k ) converge in the pointed (or Cheeger-Gromov)
In the case of a Lie group M = G, the hypothesis on the injectivity radii in part (i) can be removed. Moreover, if either G λ is compact or G is completely solvable, then the geometric structures (M, γ(t k )) smoothly converges up to pull-back by diffeomorphisms to (G λ , γ) , as k → ∞.
We note that the limiting Lie group G λ in the above corollary might be non-isomorphic to G, and consequently in part (i), the limiting homogeneous space G λ /K λ might be non-homeomorphic to M .
1.3. Solitons. It is well known that a geometric structure γ on a differentiable manifold M will flow self-similarly along a geometric flow ∂ ∂t γ = q(γ), in the sense that the solution γ(t) starting at γ has the form γ(t) = c(t)ϕ(t) * γ, for some c(t) ∈ R * and ϕ(t) ∈ Diff(M ), if and only if
where L X denotes Lie derivative. In analogy to the terminology used in Ricci flow theory, we call such γ a soliton geometric structure.
Remark 1.5. The diffeomorphisms ϕ(t) must be bi-holomorphims (resp. symplectomorphisms) for flows of hermitian (resp. compatible) metrics or any kind of geometric structures γ on a fixed complex (resp. symplectic) manifold (see Remark 1.1).
On homogeneous spaces, in view of the equivalence between any geometric flow and the corresponding bracket flow given by Theorem 1.3, it is natural to also wonder about self-similarity for bracket flow solutions. This leads us to consider Lie brackets which only evolves by scaling: µ(t) = c(t) · [·, ·], for some c(t) ∈ R * (see (23)). Our second main result shows that this gives rise to soliton structures of an algebraic nature, which are simpler to handle. Theorem 1.6. For a simply connected homogeneous space (G/K, γ) endowed with a Ginvariant geometric structure γ of type (r, s), the following conditions are equivalent:
(i) The bracket flow solution starting at [·, ·] is given by
(ii) The operator Q(γ) ∈ q γ such that θ(Q(γ)) = q(γ) satisfies
0 Dp ∈ Der(g). In that case, (G/K, γ) is a soliton geometric structure with
where X D denotes the vector field on G/K defined by the one-parameter subgroup of Aut (G) attached to the derivation D.
A homogeneous space (G/K, γ) endowed with a G-invariant geometric structure γ and a reductive decomposition g = k ⊕ p is said to be an algebraic soliton if condition (5) holds. The concept of algebraic soliton has been very fruitful in the study of homogeneous Ricci solitons since its introduction in [L1] (see also [L9, FC2, LW2, LR] for the symplectic curvature flow and Chern-Ricci flow cases). It is a useful tool to address the existence problem for soliton structures, as well as to study their uniqueness, structure and lowdimensional classification.
We use this approach to exhibit in Section 7 an expanding soliton closed G 2 -structure on a nilpotent Lie group for the Laplacian flow introduced by R. Bryant in [B] . As far as we know, this is the first example known of a Laplacian soliton which is not an eigenvector (see [LW] and the references therein).
Some linear algebra related to geometric structures
Let γ be a geometric structure on a differentiable manifold M , e.g. a Riemannian metric, a complex structure, a symplectic structure, an almost-hermitian structure, a G 2 -structure, etc. We also denote by γ the corresponding tensor field, or the set of tensor fields, defining the geometric structure, i.e. a symmetric 2-tensor g, a (1, 1)-tensor J, a 2-form ω, a tern γ = (ω, g, J) such that ω = g(J·, ·), a 3-form ϕ, etc., respectively.
After fixing a point p ∈ M and a basis {e 1 , . . . , e n } of the tangent space T p M , we obtain a tensor γ = γ p on the vector space R n = T p M . As one can observe in the examples above, the tensor γ is always non-degenerate in some sense: g is positive definite, J 2 = −I, ω is non-degenerate and ϕ is positive. Moreover, a common property that is satisfied by all these geometric structures is that the orbit
is open in the vector space T of all tensors of the same type as γ and consists precisely of those tensors which are non-degenerate. This property will be assumed to hold for γ in this paper. In particular,
where θ : gl n (R) −→ End(T ) is the representation obtained as the derivative of the natural
The Lie algebra of the stabilizer subgroup
is given by g γ := {A ∈ gl n (R) : θ(A)γ = 0}. It follows from (6) that the set of all nondegenerate tensors of the same type as γ is parameterized by the homogeneous space GL n (R)/G γ . We consider an Ad (G γ 
Since g h·γ = hg γ h −1 , we can set for simplicity q h·γ := hq γ h −1 for all h ∈ GL n (R). By (7) we have that θ(q γ )γ = T ; moreover, for every tensor q ∈ T , there exists a unique operator Q ∈ q γ such that
By varying the point p, what one obtains is a tensor subbundle T ⊂ T r,s M , subbundles g γ and q γ of End(T M ) = T 1,1 M such that End(T M ) = g γ ⊕ q γ and a linear map j γ :
T −→ q γ defined locally by θ(j γ (q))γ = q (i.e. j γ (q) = Q if (8) holds). Note that j γ is an isomorphism with inverse i γ : q γ −→ T given by i γ (Q) := θ(Q)γ. It holds that
Let q = q(δ) be a smooth tensor field on M associated to each geometric structure δ, of the same type as γ (i.e. q(δ), δ ∈ T ). It follows from (8) that for each γ, there is a unique smooth (1, 1)-tensor field Q(γ) = j γ (q(γ)) on M , a section of the subbundle q γ , such that at each point,
Assume now that the map δ → q(δ) is diffeomorphism equivariant: q(ϕ * δ) = ϕ * q(δ) for any ϕ ∈ Diff(M ) (e.g. any curvature tensor, or Laplacian associated to a geometric structure, or the gradient field of any natural geometric functional). Then,
or equivalently at each point, Q(h · γ) = hQ(γ)h −1 for any h ∈ GL n (R). Indeed, for h := dϕ| p we have that
Example 2.1. We now review each of the particular geometric structures mentioned at the beginning of the section.
(i) For a Riemannian metric γ = g, by assuming that the fixed basis {e i } of R n = T p M is orthonormal, we obtain that
Thus what condition (8) is asserting is simply that for any symmetric 2-tensor q ∈ S 2 (R n ) * , there exists a unique Q ∈ sym(n) such that q = g(−2Q·, ·). For example, if q(g) = Rc(g), the Ricci tensor of g, then Q(g) = − 1 2 Ric(g), where Ric(g) is the Ricci operator of g.
(ii) If γ = J is a complex (or almost-complex) structure and dim M = 2n, then
(iii) For a symplectic structure γ = ω, dim M = 2n, we have that
(iv) An almost-hermitian (or hermitian, or almost-Kähler) structure γ = (ω, g, J),
where,
We note that the following decompositions also hold:
Note that dim q 1 = n 2 + n, dim q 2 = n 2 − n, dim q 3 = n 2 and so dim T = dim q γ = 3n 2 . According to (8), for each (p, q, R) ∈ T there exists a unique operator Q = 
Thus for a G 2 -structure γ = ϕ, n = 7 and
where q 1 = RI is the one-dimensional trivial representation of g 2 , q 7 is the (7-dimensional) standard representation and q 27 is the other fundamental representation of g 2 , which has dimension 27 (see [K] ). It follows that so(7) = g 2 ⊕ q 7 , sym(7) = q 1 ⊕ q 27 , q 27 = sym 0 (7), where sym 0 (7) := {A ∈ sym(7) : tr A = 0}. (vi) One may also fix a complex manifold (M, J) rather than a differentiable manifold and consider a hermitian metric γ = g on (M, J) . In this case, dim M = 2n, GL n (C) plays the role of GL n (R) in the previous cases, in particular in property (11), and we have that
The assignment δ → q(δ) above, which will be used to define a geometric flow, is therefore assumed to be invariant by bi-holomorphic maps of (M, J) rather than by diffeomorphisms of M (see Section 6 for an application in the complex case).
(vii) The symplectic analogous to part (vi) consists in fixing a symplectic manifold (M, ω) and consider a compatible metric γ = g, giving rise to an almost-Kähler manifold (M, ω, g) . If dim M = 2n, then the group involved is now Sp(n, R) and
where q 1 is as in part (iv). The assignment δ → q(δ) is here assumed to be invariant by symplectomorphisms of (M, ω) .
The space of homogeneous spaces
Our aim in this section is to describe a framework developed in [L7] in the Riemannian case, which allows us to work on the 'space of homogeneous manifolds', by parameterizing the set of all homogeneous spaces of dimension n and isotropy dimension q by a subset H q,n of the variety of (q + n)-dimensional Lie algebras.
A connected differentiable manifold M is called homogeneous if there is a Lie group G acting smoothly and transitively on M. Each transitive Lie group G (which can be assumed to be connected) gives rise to a presentation of M as a homogeneous space G/K, where K is the isotropy subgroup of G at some point o ∈ M . Conversely, any closed subgroup K ⊂ G of a Lie group G defines a homogeneous manifold M = G/K with isotropy subgroup at the origin o :
Consider an Ad(K)-invariant direct sum g = k⊕p, where g and k are respectively the Lie algebras of G and K. This is called a reductive decomposition, its existence is for instance guaranteed by the (relative) compactness of Ad(K) (e.g. if G/K admits a G-invariant Riemannian metric) and is in general non-unique. Note that p can be naturally identified with the tangent space
This is equivalent to take the value at the origin o of the Killing vector fields corresponding to elements of p (i.e.
Any homogeneous space G/K will be assumed to be almost-effective for simplicity, i.e. the normal subgroup {g ∈ G : ghK = hK, ∀h ∈ G} ⊂ K is discrete.
3.1. Varying Lie brackets viewpoint. Let us fix a (q +n)-dimensional real vector space g together with a direct sum decomposition
The space of all skew-symmetric algebras (or brackets) of dimension q +n is parameterized by the vector space
: µ bilinear and skew-symmetric}.
Definition 3.1. We consider the subset H q,n ⊂ Λ 2 g * ⊗ g, or more precisely H g=k⊕p if preferred, of those brackets µ such that:
(h2) If G µ denotes the simply connected Lie group with Lie algebra (g, µ) and K µ is the connected Lie subgroup of G µ with Lie algebra k, then
It follows from (h1) and (h2) that each µ ∈ H q,n defines a unique simply connected homogeneous space,
with reductive decomposition g = k ⊕ p. It is almost-effective by (h3). We note that any n-dimensional simply connected homogeneous space G/K which is almost-effective and admits a reductive decomposition can be identified with some µ ∈ H q,n , where q = dim K. Indeed, G can be assumed to be simply connected without losing almost-effectiveness, and we can identify any reductive decomposition with g = k ⊕ p at a vector space level. In this way, µ will be precisely the Lie bracket of g. There is a natural linear action of GL(g) on Λ 2 g * ⊗ g given by
Note that h is precisely an isomorphism between the Lie algebras (g, µ) and (g, h · µ).
In that case, the isomorphism ϕ : G µ −→ G h·µ with derivative d ϕ| e = h satisfies that ϕ(K µ ) = K h·µ and so it defines an equivariant diffeomorphism
Concerning the question of what kind of subset of Λ 2 g * ⊗ g the space H q,n is, we note that condition (h1) is closed as it is defined by polynomial equations on µ. On the contrary, (h3) is open and (h2) may impose very subtle conditions on µ (see [L7, Examples 3.4, 3.6] ). Note that H q,n is a cone, i.e. invariant by nonzero scaling.
Example 3.2. If q = 0, then conditions (h2) and (h3) trivially hold and (h1) is just the Jacobi condition for µ. Thus H 0,n = L n , the variety of n-dimensional Lie algebras, and the set {G µ : µ ∈ L n } parameterizes the set of all simply connected Lie groups of dimension n.
3.2. Invariant geometric structures. Any G-invariant geometric structure on a homogeneous space M = G/K with reductive decomposition g = k ⊕ p is determined by a tensor, or a set of tensors, γ on p ≡ T o M which is Ad(K)-invariant. This means that (Ad(k)| p ) · γ = γ for any k ∈ K, or equivalently if K is connected, θ(ad Z| p )γ = 0 for all Z ∈ k (see Section 2 for the notation). If G/K is not reductive, then one can work with the identification g/k ≡ T o M , though there will always be a reductive decomposition as soon as a Riemannian metric is involved in some way in the geometric structure γ.
If in addition to the connectedness of K we assume that G is simply connected (in particular, G/K is simply connected), then we can apply (11) to the equivariant diffeomorphism ϕ defined by the automorphism Ad(k) ∈ Aut(g) ≡ Aut (G) . Since ϕ * γ = γ, we obtain that the operator
In order to study invariant geometric structures on homogeneous manifolds, we can therefore fix a tensor γ on p in addition to the vector space decomposition fixed in (12) and consider the following extra condition:
If we consider the subset of H q,n given by (17) H q,n (γ) := {µ ∈ H q,n : condition (h4) holds true for µ}, then each µ ∈ H q,n (γ) now defines a unique (almost-effective and simply connected) homogeneous space endowed with an invariant geometric structure,
with reductive decomposition g = k ⊕ p and
Indeed, it follows from (h4) that γ is Ad(K µ )-invariant as K µ is connected and thus the geometric structure
, as the whole 'linear algebra' part of γ µ has been fixed.
Remark 3.3. The complex and symplectic cases mentioned in Remarks 1.1, 1.2 and 1.5 can be treated in this section as special cases of almost-hermitian structures, by adding to the definition of H q,n (γ) the condition of integrability of (G µ /K µ , J),
in the complex case, and the condition d µ ω = 0, where d µ is the differential of forms on the manifold G µ /K µ , in the symplectic case, which is equivalent to
is the stabilizer subgroup of γ (with Lie algebra g γ ), leaves the set H q,n (γ) invariant and for (15) is an equivalence of geometric structures, that is, γ µ = ϕ * γ h·µ . This follows from the invariance of the structures and the fact that ϕ * γ = γ at the origins (recall
In that case, any tensor field q defined for this kind of geometric structures will satisfy that
where Q µ ∈ q γ ⊂ End(p) is the operator defined by
The statement on Q can be proved in much the same way as (11) by using that h p · γ = γ as follows:
and so
The following result gives a useful geometric meaning to the action of a subset of GL(g) on H q,n (γ), which is much larger than the subgroup GL(k) × G γ .
Proof. We have that h · µ ∈ H q,n (γ) if and only if ad h·µ k| p = h p ad µ k| p h −1 p ⊂ g γ . The equivalence is provided by the equivariant diffeomorphism defined in (15) (recall that
Corollary 3.5. The subset
parameterizes the set of all G µ -invariant geometric structures of the same class as γ on the homogeneous space G µ /K µ up to equivariant equivalence.
Assume that γ is an (r, s)-tensor field, i.e. r-times covariant and s-times contravariant (e.g. a Riemannian metric is a (2, 0)-tensor field). It follows that
By setting h := (I,
, c = 0, we obtain from Proposition 3.4 that the rescaled G µ -invariant geometric structure c s−r γ µ on G µ /K µ is equivalent to the element of H q,n (γ) defined by c · µ := (I,
where the subscripts denote the k-and p-components of µ| p×p given by
The R * -action on H q,n (γ), µ → c · µ, can therefore be considered as a geometric scaling:
Remark 3.6. The above described geometric scaling is not allowed in the symplectic case, i.e. if one has fixed a nondegenerate 2-form ω, since the map 1 c I does not belong to Sp(n, R).
Given any µ ∈ H q,n , if we define λ ∈ H q,n by λ| k×g := µ, λ| p×p := 0 (note that conditions (h1)-(h3) also hold for λ), what we obtain is the Euclidean space
c · µ, so this can be viewed as (G c·µ /K c·µ , γ) converging in the pointed sense to the (flat) geometric structure (R n , γ), as c → 0 (see Section 3.4).
3.3. Degenerations and pinching conditions. An elementary but crucial observation is that any kind of geometric quantity associated to the manifold (G µ /K µ , γ) depends continuously on the Lie bracket µ ∈ H q,n (γ) ⊂ Λ 2 g * ⊗ g. This can be used to study pinching curvature properties as follows.
Definition 3.7. Given µ, λ ∈ H q,n (γ), we say that µ degenerates to λ, denoted by µ → λ, if λ belongs to the closure of the subset
relative to the usual vector space topology of Λ 2 g * ⊗ g.
The geometric meaning of the above subset of H q,n (γ) has been explained in Corollary 3.5.
Proposition 3.8. If µ → λ, µ, λ ∈ H q,n (γ), and G λ /K λ admits a G λ -invariant geometric structure satisfying a strict pinching curvature condition, then there is also a G µ -invariant structure on G µ /K µ for which the same pinching curvature condition holds.
The pinching curvature condition will therefore hold for (G h k ·µ /K h k ·µ , γ) for sufficiently large k, which implies that it holds for the corresponding equivalent (see Proposition 3.4) invariant structure (h k ) * p γ on G µ /K µ for sufficiently large k, concluding the proof.
3.4. Convergence. We follow the lines of the article [L7] about convergence of homogeneous manifolds. In order to derive natural notions of convergence, of a sequence 
This means that the tensor field φ * k γ k − γ and its covariant derivatives of all orders with respect to some fixed Riemannian metric on M each converge uniformly to zero on compact subsets of M eventually contained in all Ω k . Equivalently, for a chart contained in all Ω k for sufficiently large k, the partial derivative ∂ α (γ k ) J of the coordinates (γ k ) J of the tensor fields converge to ∂ α γ J uniformly, as k → ∞, for any multi-indices α and J. According to the different conditions one may require on the size of the Ω k 's, we have the following notions of convergence in increasing degree of strength:
The infinitesimal convergence of homogeneous manifolds is somewhat weak, notice that actually only the germs of the geometric structures at o are involved. It is possible that all manifolds M k , M be pairwise non-homeomorphic. In the case when the geometric structure contains a Riemannian metric (e.g. almost-hermitian structures) or univocally determines one (e.g. G 2 -structures), the correspondence sequence (M k , g k ) has necessarily bounded geometry by homogeneity (i.e. for all r > 0 and j ∈ Z ≥0 , sup
However, the injectivity radius of the Riemannian manifolds (M k , g k ) may go to zero.
• local: Ω k stabilizes, i.e. there is a nonempty open subset Ω ⊂ Ω k for every k sufficiently large. Again, if a Riemannian metric is involved in the geometric structure, then there is a positive lower bound for the injectivity radii inj(M k , g k , o), which is often called the non-collapsing condition.
• pointed or Cheeger-Gromov: Ω k exhausts M , i.e. Ω k contains any compact subset of M for k sufficiently large. We note that in the homogeneous case, the location of the basepoints play no role, neither in the pointed convergence nor in the bounds considered in the items above, in the sense that we can change all of them by any other sequence of points and use homogeneity. However, topology issues may still arise at this level of convergence.
• smooth (up to pull-back by diffeomorphisms):
a diffeomorphism for all k. Thus φ * k γ k converges smoothly to γ uniformly on compact sets in M . This necessarily holds for any sequence which is convergent in the pointed sense if M = G/K is compact.
It follows at once from the definitions that these notions of convergence satisfy:
None of the converse assertions hold for homogeneous Riemannian manifolds (see [L7] ). However, in the case when a Riemannian metric is involved, it is worth noticing that local convergence implies bounded geometry and non-collapsing for the sequence of metrics g k associated to the geometric structures γ k , and thus there must exist a pointed convergent subsequence to a complete Riemannian manifold (N, g) by the Compactness Theorem (see e.g. [Pe] ). In [LW, Section 7] , the authors study pointed convergence of G 2 -structures and prove a compactness result.
We may also consider convergence of the algebraic side of homogeneous spaces. Recall from Section 3.2 the space H q,n (γ) of Lie algebras parameterizing the set of all ndimensional simply connected homogeneous spaces with q-dimensional isotropy endowed with an invariant geometric structure, which inherits the usual vector space topology from Λ 2 g * ⊗ g. We shall always denote by µ k → λ the convergence in H q,n (γ) relative to such topology.
The following result can be proved in much the same way as [L7, Theorem 6.12, (i) ]. We take this opportunity to make the following corrigenda: [L7, Theorem 6.12, (ii) ] is false and in [L7, Corollary 6.20] , parts (ii)-(v) each follow from part (i), but none of the converse assertions is true.
The converse does not hold in the Riemannian case (see [L7, Remark 6.13] ). As some sequences of Aloff-Walach spaces show (see [L7, Example 6 .6]), in order to get the stronger local convergence from the usual convergence of brackets µ k → λ, it is necessary (and also sufficient) to require an 'algebraic' non-collapsing type condition.
Definition 3.10. The Lie injectivity radius of a Riemannian homogeneous space (G µ /K µ , g) is the largest r µ > 0 such that
is a diffeomorphism onto its image, where exp µ : g −→ G µ is the Lie exponential map, π µ : G µ −→ G µ /K µ is the usual quotient map and B(0, r µ ) denotes the euclidean ball of radius r µ in p relative to the fixed inner product ·, · = g(o).
We note that exp µ is in general quite different from the Riemannian exponential map, unless the homogeneous space is naturally reductive.
The following is the analogue to [L7, Theorem 6.14, (ii)] and can be proved similarly.
Theorem 3.11. Assume that the geometric structures involved either each contains or determine a Riemannian metric. Let µ k be a sequence such that µ k → λ in H q,n (γ), as k → ∞, and suppose that inf k r µ k > 0, where r µ k is the Lie injectivity radius of
Corollary 3.12. Under the hypothesis of the previous theorem, there exists a subsequence of (G µ k /K µ k , g) which converges in the pointed sense to a homogeneous Riemannian manifold locally isometric to (G λ /K λ , g).
The limit for the pointed subconvergence may depend on the subsequence, as a certain sequence of alternating left-invariant metrics on S 3 (Berger spheres) and SL 2 (R) shows (see [L7, Example 6.17] ).
Geometric flows
We consider a geometric flow of the form
where γ = γ(t) is a one-parameter family of geometric structures on a given differentiable manifold M and q(γ) is a tensor field on M of the same type as γ associated to each geometric structure of a given class. Usually q(γ) is a curvature tensor, a Laplacian or the gradient field of some natural geometric functional. Recall that a geometric structure may be defined by a set of tensor fields γ (e.g. an almost-hermitian structure), so in that case the geometric flow will consist of a set of differential equations, one for each tensor. Assume first that short-time existence and uniqueness of the solutions hold, which is usually the case for M compact. Our basic assumption is that the flow is invariant by diffeomorphisms, i.e. q(ϕ * γ) = ϕ * γ for any ϕ ∈ Diff(M ). In the case of flows of hermitian (resp. compatible) metrics on a fixed complex (resp. symplectic) manifold, it is enough to assume that q is invariant by the group of all bi-holomorphic maps (resp. symplectomorphisms) rather than by the whole group Diff (M ) . Any solution γ(t) starting at a G-invariant geometric structure on a homogeneous space M = G/K will therefore remain G-invariant for all t. Indeed, ϕ * γ(t) is also a solution for any ϕ ∈ G starting at ϕ * γ(0) = γ(0) and hence ϕ * γ(t) = γ(t) for all t by uniqueness. Consequently, if we fix a reductive decomposition g = k ⊕ p of G/K as in Section 3.2, then the flow equation is equivalent to an ODE for a one-parameter family γ(t) of Ad(K)-invariant tensors on p of the form
Alternatively, without assuming short-time existence for the original flow, one can require G-invariance of γ(t) for all t and obtain in this way short-time existence and uniqueness of the solutions in the class of G-invariant metrics. Recall that the set of all nondegenerate structures on p is parameterized by the homogeneous space GL(p)/G γ for any fixed γ among them, and the subset of those which are Ad(K)-invariant is a submanifold of it. As the (1, 1)-tensor field Q defined by q is tangent to this submanifold by (16), the solution γ(t) to (25) stays Ad(K)-invariant for all t. If the uniqueness of solutions at least holds within a class of structures containing the G-invariant or homogeneous ones, as for the set of complete and with bounded curvature metrics in the Ricci flow case (see [CZ] ), then this would imply, in turn, the G-invariance since the solution must preserve any symmetry of the initial geometric structure by arguing as above .
In any case, short-time existence (forward and backward) and uniqueness (among Ginvariant ones) of the solutions are guaranteed. The need for this circular argument is due to the fact that for most of the geometric flows studied in the literature, uniqueness of a solution is still an open problem in the noncompact general case, even for the Ricci flow (see [C] ).
4.1. Bracket flow. Let G/K be a simply connected homogeneous space (G simply connected and K connected) with reductive decomposition g = k ⊕ p. Let γ(t) be a solution to the geometric flow (25) starting at γ := γ(0). Since γ(t) is nondegenerate (see (6)), we have that γ(t) ∈ GL(p) · γ, ∀t. If say, γ(t) = h(t) * γ, for h(t) ∈ GL(p), then for each t, the geometric structure (G/K, γ(t)) is equivalent to G µ(t) /K µ(t) , γ , where
by arguing as in (19). The following natural question arises:
How does the flow look on H q,n (γ)? More precisely, what is the ODE a curve µ(t) ∈ H q,n (γ) must satisfy in order to yield a solution G µ(t) /K µ(t) , γ to the flow (25) up to pullback by time-dependent diffeomorphisms?
Remark 4.1. Recall from Example 2.1, (vi) and (vii) that GL(p) is replaced with GL(p, J) ≃ GL n (C) or Sp(p, ω) ≃ Sp(n, R) in the complex and symplectic cases, respectively.
It follows from (10) that for each t, there exists a unique operator Q(t) := Q(γ(t)) ∈ q γ(t) ⊂ End(p) such that (26) q(γ(t)) = θ(Q(t))γ(t).
Consider the solution h(t) ∈ GL(p) to the ODE system
which is defined on the same interval of time as γ(t). If we set γ(t) := h(t) −1 · γ, and
Thus γ(t) and γ(t), as curves in the differentiable manifold GL(p)/G γ = GL(p) · γ ⊂ T of nondegenerate tensors of the same type as γ (see Section 2), satisfy the same ODE (see (25) and (26)). Since γ(0) = γ(0) = γ, they must coincide by uniqueness of the solution. Thus
where h(t) is the family of invertible maps obtained in (27). In the light of the approach proposed in Section 3, this implies that if we consider the family of Lie brackets
where [·, ·] is the Lie bracket of g, then µ(t) ∈ H q,n (γ) for all t by Proposition 3.4 (recall that γ(t) = h(t) * γ is G-invariant) and the equivariant diffeomorphism defined in (19),
is an equivalence between geometric structures (i.e. ϕ(t) * γ = γ(t)). In particular, by (20), q(γ(t)) = h(t) * q(γ), or equivalently, Q µ(t) = h(t)Q(t)h(t) −1 , where Q µ is defined as in (21). Thus h ′ (t) = −Q µ(t) h(t), and since
, we obtain that the family µ(t) ∈ Λ 2 g * ⊗ g of brackets satisfies the following evolution equation, called the bracket flow:
where δ µ : End(g) −→ Λ 2 g * ⊗ g is minus the derivative of the GL(g)-action (14) and it is given by
The bracket flow is therefore the answer to the questions formulated at the beginning of the section. Equation (29) is well defined since Q µ can be computed for any µ ∈ Λ 2 g * ⊗ g, not only for µ ∈ H q,n (γ) (Q µ is usually polynomial on µ). However, as the following lemma shows, this technicality is only needed to define the ODE.
Lemma 4.2. The set H q,n (γ) is invariant under the bracket flow, in the sense that if µ 0 ∈ H q,n (γ), then the bracket flow solution µ(t) ∈ H q,n (γ) for all t where it is defined. Furthermore, µ(t)(Z, X) ≡ µ 0 (Z, X), ∀Z ∈ k, X ∈ g, i.e. only µ(t)| p×p is actually evolving.
Proof. We must check conditions (h1)-(h3) in Definition 3.1 and condition (h4) at the beginning of Section 3.2 for µ = µ(t). We first note that for each µ, the field defined as the right hand side of (29) is tangent to the differentiable submanifold H · µ ⊂ Λ 2 g * ⊗ g, where H := I 0 0 GL(p) ⊂ GL(g). Thus such a field is tangent to H · µ 0 at every point µ ∈ H · µ 0 , and so its integral curve µ(t) ∈ H ·µ 0 for all t. This implies that condition (h1) holds for µ(t) and that µ(t)| k×k = µ 0 for all t.
Let us now prove that µ(t)| k×p = µ 0 for all t. For each Z ∈ k, consider ψ := e adµ 0 Z ∈ Aut(µ 0 ). By using that ψ p · γ = γ for ψ p := ψ| p , one obtains from (20) 
.
But λ(0) = ψ · µ 0 = µ 0 , so λ(t) = µ(t) for all t by uniqueness of the solution. Thus ψ · µ(t) = µ(t) for all t, which implies that ψ p commutes with Q µ(t) and hence
It follows from (29) that
and since the same ODE is satisfied by the constant map ad µ 0 Z| p , it follows that
that is, µ(t)| k×p ≡ µ 0 . Conditions (h3) is therefore satisfied by µ(t) for all t. Finally, since K µ 0 is closed in G µ 0 , it follows that K µ(t) is also closed in G µ(t) as it is the image of K µ 0 by the isomorphism between G µ 0 and G µ(t) with derivative at the identity given by I 0 0 h(t) (recall that µ(t) ∈ H · µ 0 for all t). This implies that condition (h2) holds for µ(t), concluding the proof of the lemma.
According to Lemma 4.2, the bracket flow equation (29) can be rewritten by using (30) as the simpler system (33)
, where µ k and µ p are respectively the k-and p-components of µ| p×p defined in (24).
We also conclude from Lemma 4.2 that a homogeneous space G µ(t) /K µ(t) , γ endowed with an invariant geometric structure can indeed be associated to each µ(t) in a bracket flow solution provided that µ 0 ∈ H q,n (γ) (see (18)).
We are finally in a position to state and prove the main result of this section. Let (G/K, γ) be a simply connected homogeneous space (G simply connected and K connected) endowed with a G-invariant geometric structure γ and a reductive decomposition g = k ⊕ p. We consider the one-parameter families
where γ(t) is the solution to the geometric flow (25) starting at γ and µ(t) is the solution to the bracket flow (29) starting at the Lie bracket [·, ·] of g, the Lie algebra of G. Recall that g = k ⊕ p is a reductive decomposition for each of the homogeneous spaces involved.
Theorem 4.3. There exist equivariant diffeomorphisms ϕ(t) :
Moreover, each ϕ(t) can be chosen to be the equivariant diffeomorphism determined by the Lie group isomorphism G −→ G µ(t) with derivativeh(t) := I 0 0 h(t) : g −→ g, where h(t) := dϕ(t)| o : p −→ p is the solution to any of the following ODE's:
The following conditions also hold:
Proof. We have already proved through (26)- (29) that part (i) implies all the other statements in the theorem. Let us now assume that part (ii) holds, and so h(t) is defined on the same time interval as µ(t). Using that
we obtain thath(t) · µ 0 satisfies the same ODE as µ(t) and it also starts at [·, ·]. Thus h(t) · [·, ·] = µ(t) ∈ H q,n (γ) for all t (i.e. part (iv) holds), from which easily follows that h(t) satisfies (22) and therefore γ(t) := h(t) * γ defines a G-invariant structure on G/K for all t. Moreover, we have that the corresponding equivariant diffeomorphism
is an equivalence for all t (see Proposition 3.4), which implies that Q µ(t) = h(t)Q( γ(t))h(t) −1 and so h ′ (t) = −h(t)Q( γ(t)). Thus γ(t) is a solution to the flow (25) by arguing as in (28), and consequently, γ(t) = γ(t) for all t by uniqueness. In this way, parts (i) and (iii) follow, concluding the proof of the theorem.
The following useful facts are direct consequences of the theorem:
• The geometric flow solution γ(t) and the bracket flow solution γ µ(t) differ only by pullback by time-dependent diffeomorphisms. So the behavior of any kind of geometric quantity can be addressed on the bracket flow, which provides a useful tool to study regularity questions on the flow (see Sections 4.2 and 4.3 below).
• The flows are equivalent in the following sense: each one can be obtained from the other by solving the corresponding ODE in part (i) or (ii) and applying parts (iv) or (iii), accordingly.
• The maximal interval of time (T − , T + ) where a solution exists is therefore the same for both flows. The above theorem has also the following application on convergence, which follows from Corollary 3.12. Recall the geometric scaling c · µ given in (23).
Corollary 4.4. Let µ(t) be a bracket flow solution and assume that c k · µ(t k ) → λ ∈ H q,n (γ), for some nonzero numbers c k ∈ R and a subsequence of times t k → T ± . Assume that the geometric structure involved either contains or determines a Riemannian metric and that the corresponding Lie injectivity radii satisfy inf k r c k ·µ(t k ) > 0. Then, after possibly passing to a subsequence, the Riemannian manifolds G/K, c −2 k g(t k ) converge in the pointed (or Cheeger-Gromov) sense to a Riemannian manifold locally isometric to (G λ /K λ , g 0 ), as k → ∞. Here g(t) is the family of G-invariant metrics associated to the geometric flow solution γ(t) on G/K starting at γ.
We note that the limiting Lie group G λ in the above corollary might be non-isomorphic to G, and consequently, the limiting homogeneous space G λ /K λ might be non-diffeomorphic, and even non-homeomorphic, to G/K.
At most one limit up to scaling can be obtained by considering different normalizations of the bracket flow. More precisely, assume that c(t) · µ(t) → λ = 0, as t → T ± . Then the limitλ of any other converging normalization a(t) · µ(t) necessarily satisfiesλ = c · λ for some c ∈ R (see [LL1, Proposition 4.1,(iii)]). Recall that the above observation only concerns solutions which are not chaotic, in the sense that the ω-limit is a single point.
Evolution of the bracket norm.
In addition to the direct sum g = k ⊕ p fixed in (12) and the tensor γ fixed in (17), we can also fix an inner product ·, · on g such that k, p = 0 The norm |µ| of a Lie bracket is therefore defined in terms of the corresponding canonical inner product on Λ 2 g * ⊗ g given by
where {e i } is any orthonormal basis of g. The natural inner product on End(g), A, B := tr AB t , is also determined by ·, · . We now compute the evolution equation for the norm |µ(t)| along a bracket flow solution µ(t). Our motivation here is that this may be useful, for instance, to prove long-time existence. Indeed, if |µ(t)| remained bounded then µ(t) would be defined for all t ∈ [0, ∞) and long-time existence would follow for the original geometric flow solution γ(t) by Theorem 4.3.
For each µ ∈ Λ 2 g * ⊗ g, consider the symmetric operator M µp : p −→ p defined by
It follows that M µp ∈ sym(p) since for any E ∈ so(p),
Note that M µp depends only on µ p : p × p −→ p, the p-component of µ| p×p (see (24)). It is easy to check that if m : Λ 2 p * ⊗ p −→ sym(p) is the moment map for the natural action of GL(p) on Λ 2 p * ⊗ p (see e.g. [HSS] or [L3] and the references therein for more information on real moment maps), then
We collect in the following lemma three useful facts which easily follow from (35).
Lemma 4.5. For any µ ∈ Λ 2 g * ⊗ g, the following conditions hold:
where {Z 1 , . . . , Z q } is an orthonormal basis of k.
Proof. It follows from (33) and Lemma 4.5, (i) that
To prove the evolution of |µ k | 2 we use orthonormal bases {X i } and {Z k } of p and k, respectively, to compute using (33):
concluding the proof of the proposition.
4.3.
Regularity. In the presence of any geometric flow, a natural question is what is the simplest quantity that, as long as it remains bounded, it prevents the formation of a singularity. In this section, as an application of the bracket flow approach developed in Section 4.1, we obtain a general regularity result for any invariant geometric flow solution on a homogeneous space. Let (T − , T + ) denote the maximal interval of time existence for the bracket flow solution µ(t) (see (29)), or equivalently, for the solution (G/K, γ(t) ) to the geometric flow (25) starting at a G-invariant geometric structure (G/K, γ) 
for some constant C > 0 depending only on the norm of the representation
This implies that
and since |µ(t)| must blow up at a finite singularity T + < ∞ (in the sense that |µ(t k )| → ∞ for some subsequence t k → T + ), we obtain from Theorem 4.3 that
Here the norm |·| t corresponds to the inner product ·, · t := h(t) * ·, · , where h(t) ∈ GL(p) is as in Theorem 4.3 (recall that Q µ (t) = h(t)Q(γ(t))h(t) −1 for all t). We note that if the metric ·, · is compatible with, or determined by the geometric structure γ in some sense, then so is ·, · t relative to γ(t) for all t.
We can now use that |j γ(t) | t ≡ |j γ | (see (9)) to conclude that there exist a positive constant C depending only on the dimension n and the type (r, s) of the geometric structures such that (37) |q(γ(t))| t ≥ C|Q(γ(t))| t .
Thus the following general regularity result in terms of the velocity of the flow follows.
Proposition 4.7. Let ∂ ∂t γ(t) = q(γ(t)) be a geometric flow which is diffeomorphism invariant. If a G-invariant solution γ(t) on a homogeneous space G/K has a finite singularity at T + (resp. T − ), then
This was proved for the pluriclosed flow on any compact manifold in [ST, Theorem 1.2] , and may be considered as the analogous to N. Sesum's result on the Ricci flow (see [S] ). It also generalizes the result obtained in [L9, Corollary 6.2] in the context of curvature flows for left-invariant almost-hermitian structures on Lie groups.
In addition to diffeomorphism invariance, in what follows, we shall assume that the tensor q in the geometric flow equation (25) satisfies the following scaling property for any γ:
for some fixed α ∈ R. This does hold for most of the curvature tensors considered in different evolution equations in the literature. We note that α = 0 if q(γ) is for example the Ricci tensor of some connection associated to a metric or to an almost-hermitian structure γ, and that α = 1/3 for the Laplacian and any Dirichlet flow for G 2 -structures (see [LW, WW] ). Condition (38) is equivalent to
By using the fact observed in (23) that for any c = 0, the map (I, 1 c I) determines an equivalence of geometric structures
we obtain from (39) that the operators defined in (21) satisfy
for a tensor γ of type (r, s). We now show that not only the supreme but actually |µ(t)| must converge to infinity as t approaches a finite time singularity. The proof of the following proposition is strongly based on the arguments used by R. Lafuente in [L] to prove that the scalar curvature controls the formation of singularities of homogeneous Ricci flows.
Proposition 4.8. Assume that T + is finite (resp. T − ). If (r − s)(1 − α) > 0, then
, for some positive constant C depending only on q + n and the geometric flow. In particular, |µ(t)| → ∞, as t → T ± .
Proof. Assume that T + < ∞ (the proof for −∞ < T − is completely analogous). It follows from (29) that
for some constants C 1 > 0 depending only on q + n and the flow. We are using here that
a fact that follows by arguing as in (23) but for h := (|µ| −1 I, |µ| −1 I), and that the continuous map µ → Q µ attains a maximum value on the sphere of Λ 2 g * ⊗ g depending only on q + n. This implies that
and so for any t 0 ∈ [0, T + ),
Thus
since |µ(t)| must blow up at a singularity, concluding the proof of the proposition.
The following corollary thus follows from (37) and (42).
Corollary 4.9. Let ∂ ∂t γ(t) = q(γ(t)) be a geometric flow of type (r, s) which is diffeomorphism invariant and such that the scaling property (38) holds for some α, and assume that (r − s)(1 − α) > 0. If a G-invariant solution γ(t) on a homogeneous space G/K has a finite singularity at T + (resp. T − ), then
, for some positive constant C depending only on q + n and the geometric flow.
4.4. Self-similar solutions and soliton geometric structures. A geometric structure γ on a differentiable manifold M will flow self-similarly along a geometric flow ∂ ∂t γ = q(γ), in the sense that the solution γ(t) starting at γ has the form
if and only if
where L X denotes Lie derivative (see Remark 1.5 concerning the complex and symplectic cases). This can be proved as follows. For γ(t) = c(t)ϕ(t) * γ, c(0) = 1, ϕ(0) = id, one has that
where X(t) is the time-dependent family of vector fields generating the diffeomorphisms ϕ(t) (i.e. X ϕ(t)(p) := d ds | s=t ϕ(s)(p)), and on the other hand, from the scaling property (38) and the diffeomorphism invariance of the flow, we have
The sufficiency therefore follows by evaluating at t = 0 with c = c ′ (0) and
, and for the necessary part we can take c(t) := ((1 − α)ct + 1) 1/(1−α) , if α = 1, which satisfies c ′ (t) = cc(t) α , c(0) = 1 (and c(t) = e ct for α = 1) and consider the flow ϕ(t) generated by the time-dependent vector fields X(t) := c(t) α−1 X. In analogy to the terminology used in Ricci flow theory, in the case when α < 1, we call such γ a soliton geometric structure and we say it is expanding, steady or shrinking, if c > 0, c = 0 or c < 0, respectively. Note that the maximal interval of existence (T − , T + ) for these self-similar solutions equals ( −1
(1−α)c , ∞), (−∞, ∞) and (−∞, −1
(1−α)c ), respectively. On homogeneous spaces, in view of the equivalence between any geometric flow and the corresponding bracket flow given by Theorem 4.3, we may also wonder about self-similarity for bracket flow solutions. A natural way, as usual for any ODE system on a vector space, would be to consider solutions which only evolve by scaling. From our 'geometric scaling' given in (23), what we obtain are bracket flow solutions of the form µ(t) = c(t) · µ 0 for some c(t) ∈ R * . However, recall that (G µ(t) /K µ(t) , γ) is equivalent to (G µ 0 /K µ 0 , γ(t)) for each t (i.e. they coincide up to pull back by a diffeomorphism), and so geometrically µ(t) = c(t) · µ 0 can indeed be viewed as a self-similar solution in the above sense.
Theorem 4.10. For a simply connected homogeneous space (G/K, γ) endowed with a G-invariant geometric structure γ, the following conditions are equivalent:
or equivalently,
0 Dp ∈ Der(g). In that case, if we set a r,s,α := (s − r)(1 − α), then the geometric flow solution starting at γ is given by γ(t) = b(t)e s(t)Dp · γ,
ar,s,αc log(a r,s,α ct + 1), and (G/K, γ) is a soliton geometric structure with
Proof. Assume first that part (i) holds. By taking derivatives at t = 0 we obtain that
, from which part (ii) follows with D = 0 0 0 Q(γ)−c ′ (0)I ∈ Der(g) and c = c ′ (0). It is easy to see that for γ(t) = b(t)e s(t)Dp · γ, b(0) = 1, s(0) = 0, one has
and on the other hand,
Assume that part (ii) holds. It follows that
and therefore γ(t) will be a solution as soon as b ′ (t) = (s − r)cb(t) α and b(t)s ′ (t) = b(t) α , which hold for the functions b(t) and s(t) given in the proposition. On the other hand, since [Q(γ), D p ] = 0, we have that
and thus h(t) := e −s(t)Q(γ) satisfies h ′ (t) = −h(t)Q(γ(t)). It now follows from Theorem 4.3 that
which implies part (i) for c(t) = e cs(t) = (a r,s,α ct + 1) ar,s,α . It only remains to prove the last statement on solitons. Since D ∈ Der(g) we have that e tD ∈ Aut(g) and thus there existsφ t ∈ Aut(G) such that dφ t | e = e tD for all t ∈ R. By using that K is connected and Dk = 0 we obtain thatφ t (K) = K for all t. This implies thatφ t defines a diffeomorphism ϕ t of G/K by ϕ t (uK) =φ t (u)K for any u ∈ G, which therefore satisfies at the origin that dϕ t | o = e tDp . Let X D denote the vector field on G/K defined by the one-parameter subgroup
by using that every tensor in the previous formula is G-invariant (recall that the flow of X D is given by automorphisms of G). This concludes the proof of the theorem.
The above theorem motivates the following definition.
Definition 4.11. A homogeneous space (G/K, γ) endowed with a G-invariant geometric structure γ and a reductive decomposition g = k ⊕ p is said to be an algebraic soliton if there exist c ∈ R and D = 0 0 0 Dp ∈ Der(g) such that
Remark 4.12. We note that any simply connected algebraic soliton is a soliton geometric structure by Theorem 4.10. The hypothesis of G/K being simply connected is in general necessary; see [L5, Remark 4 .12] for a counterexample in the Ricci flow case.
Remark 4.13. Nothing changes by allowing a derivation of the form D = * 0 0 Dp ∈ Der(g) in Definition 4.11 since Dk = 0 must necessarily holds. Indeed, it follows from (16) that
and thus Dk = 0 by almost-effectiveness.
Remark 4.14. There is a more general way to consider a soliton (G/K, γ) 'algebraic'; namely, when there exists a one-parameter familyφ(t) ∈ Aut(G) withφ(t)(K) = K such that γ(t) = c(t)ϕ(t) * γ is the solution to the geometric flow ∂ ∂t γ = q(γ) starting at γ for some scaling function c(t) > 0, where ϕ(t) ∈ Diff(G/K) is the diffeomorphism determined byφ(t). As in the Ricci flow case, such (G/K, γ) may be called a semi-algebraic soliton (see [J2, Definition 1.4] and [LL1, Section 3] ). It follows from (43) that if (G/K, γ) is a semi-algebraic soliton with reductive decomposition g = k ⊕ p, then
where pr qγ : gl(p) = g γ ⊕ q γ −→ q γ is the usual linear projection. Note that p may not be D-invariant as for algebraic solitons. Conversely, if condition (44) holds for some reductive decomposition and G/K is simply connected, then one can prove in much the same way as the last statement in Theorem 4.10 that (G/K, γ) is indeed a soliton with
4.5. Lie group case. Our aim in this section is to go over again the case of left-invariant geometric structures on Lie groups, i.e. H 0,n (γ), the one which has been mostly applied in the literature (cf. for example [L6, L8, L9] and the references therein). Recall from Example 3.2 that H 0,n is simply the variety L n of n-dimensional Lie algebras, and since (h4) does not either give any restriction here, we obtain that H 0,n (γ) = L n and we identify
where γ µ denotes the left-invariant metric on the simply connected Lie group G µ determined by the fixed tensor γ we have on the Lie algebra (g, µ) of G µ . Condition (22) also holds trivially here, so every h ∈ GL n (g) defines a Lie group isomorphism which is a geometric equivalence (G h.µ 
The orbit GL(g) · µ ⊂ L n therefore parameterizes the set of all left-invariant structures on G µ and the orbit G γ · µ parameterizes the subset of those which are equivalent to (G µ , γ) via an automorphism. We note that g = p and µ = µ p in this case, thus h(t) = h(t) in Theorem 4.3 and the formulas and notation in Proposition 4.6 and Theorem 4.10 simplify considerably.
The following lower bound for the Lie injectivity radius gives rise to special convergence features for Lie groups which are not valid for homogeneous spaces in general. Recall that µ ∈ L n is said to be completely solvable if all the eigenvalues of ad µ X are real for any X ∈ g. It is well known that the exponential map of any simply connected completely solvable Lie group is a diffeomorphism. 
We can therefore rephrase Corollary 3.12 in the case of Lie groups in a stronger way as follows.
Overview of applications in the literature
The approach that proposes to vary Lie brackets rather than metrics or geometric structures has been used for decades in homogeneous geometry. In what follows, we review some selected examples and applications in the literature, in a chronological way on each topic. For a more complete study, we refer the reader to the references in the cited articles. In most of these applications, geometric invariant theory of the variety of Lie algebras, including moment maps, closed orbits, stability, categorical quotients, Kirwan stratification, etc., has been exploited in one way or another.
• [JPW] Linear and dynamically stability of algebraic Ricci solitons on many classes of Lie groups, including an open set of two-step solvsolitons, all two-step nilsolitons and all nilsolitons of dimensions six or less.
• [JP] A refinement of the structure result in [LL2] . 5.5. Curvature flows on almost-hermitian Lie groups.
• 
Chern-Ricci flow
The Chern-Ricci flow (CRF for short) is the evolution equation for a one-parameter family g(t) of hermitian metrics on a fixed complex manifold (M, J) defined by
where ω = g(J·, ·) and p = p(J, g) is the Chern-Ricci form (see [TW] for further information on this flow). The 2-form p is closed, of type (1, 1), locally exact and in the Kähler case coincides with the Ricci form Rc(J·, ·), so CRF becomes Kähler-Ricci flow as soon the starting metric is Kähler. The CRF on Lie groups has already been studied in [LR] using the bracket flow approach. Our aim in this section is to show that most of the results obtained in [LR] for Lie groups are still valid on homogeneous spaces. Let (G/K, J) be a homogeneous space endowed with a G-invariant complex structure J, which will be fixed from now on. Given a reductive decomposition g = k ⊕ p for G/K, it can be proved in much the same way as in [V, Proposition 4 .1] (see also [Po] ) that the Chern-Ricci form of any G-invariant hermitian metric g on the homogeneous complex manifold (G/K, J) is given by
Remarkably, p only depends on J, it is independent from the metric g. This implies that along the CRF-solution g(t) starting at a G-invariant hermitian metric g 0 on (G/K, J), the Chern-Ricci form p(t) ≡ p 0 := p(J, g 0 ), and so g(t) is simply given by
The Chern-Ricci operator P ∈ End(p) of the hermitian manifold (G/K, J, g ) is the hermitian map defined by p = ω(P ·, ·) = g(JP ·, ·). We note that by (47), the solution exists as long as the hermitian map I − 2tP 0 is positive, where P 0 denotes the Chern-Ricci operator of g 0 , so the maximal interval of time existence (T − , T + ) of g(t) can be easily computed in terms of the extremal eigenvalues of the symmetric operator P 0 as follows:
where p + is the maximum positive eigenvalue of the Chern-Ricci operator P 0 of g 0 and p − is the minimum negative eigenvalue. Since the velocity q(g) of the CRF equals −2p(·, J·) (see (45)), we obtain from Example 2.1, (vi), that
and thus the bracket flow is given by
where P µ ∈ herm(p, J, g 0 ) is the Chern-Ricci operator of the hermitian homogeneous space (G µ /K µ , J, g 0 ). It follows from (47) that the Chern-Ricci operator of a CRF-solution g(t) equals P (t) = (I − 2tP 0 ) −1 P 0 . The solution h(t) ∈ GL(p, J) to the ODE in Theorem 4.3, (i) is therefore given by h(t) = (I − 2tP 0 ) 1/2 , from which follows that the bracket flow solution is
Thus with respect to any orthonormal basis {X 1 , . . . , X 2n } of (p, g 0 ) of eigenvectors of P 0 , say with eigenvalues {p 1 , . . . , p 2n }, the structure coefficients of µ(t)| p×p are Following the lines of [LR, Section 5] , one can obtain many results on convergence from Corollary 4.4 and Section 3.4, including some information on to what extent the ChernRicci form and the homogeneous space structure of the pointed limit are determined by the starting hermitian manifold (G/K, J, g 0 ). For instance, the following can be proved: 
is strictly increasing unless P (t) ≡ 0 (i.e. g(t) ≡ g 0 ) and the integral of tr P (t) must blow up at a finite-time singularity T + < ∞. However, tr P (t) ≤ C T + −t for some constant C > 0, which is the claim of a well-known general conjecture for the Kähler-Ricci flow (see e.g. [SW, Conjecture 7.7] ).
Laplacian flow for G 2 -structures
The following natural geometric flow for G 2 -structures on a 7-dimensional manifold M (see Example 2.1, (v)), called the Laplacian flow, was introduced by R. Bryant in [B] :
where ∆ t := ∆ gt is the Hodge Laplacian operator of the Riemannian metric g t := g ϕ(t) determined by ϕ(t) (i.e. ∆ t = −d * t d * t + * t d * t d, where * t is the Hodge star operator defined by the metric g t and orientation). We refer the reader to [LW] and the references therein for further information on this flow.
For each x, y ∈ R, consider the 7-dimensional nilpotent Lie algebra n = n(x, y) with basis {e 1 , . . . , e 7 } and Lie bracket µ = µ x,y defined by µ(e 1 , e 2 ) = −xe 5 , µ(e 1 , e 3 ) = −ye 6 ; or equivalently, d µ e 5 = xe 12 , d µ e 6 = ye 13 .
The 3-form ϕ = e 147 + e 267 + e 357 + e 123 + e 156 + e 245 − e 346 , is positive and so it determines a left-invariant G 2 -structure ϕ on the simply connected Lie group N with Lie algebra n. It is easy to check that d µ ϕ = (y − x)e 1237 , which implies that ϕ is closed (or calibrated) if and only if x = y. We ask ourselves whether (N, ϕ) is a Laplacian soliton, i.e. a soliton G 2 -structure for the Laplacian flow. In the light of Theorem 4.10, it would be enough to find a derivation D ∈ Der(n) such that
where X D is the vector field on N defined by the one-parameter subgroup of automorphisms F t with derivative e tD ∈ Aut(n) for all t. Note that our fixed basis {e i } is conveniently orthonormal (and oriented) with respect to the metric g ϕ , so
We propose, with a certain amount of optimism, a diagonal It follows that (51) can hold only if y(x − y) = x(x − y), that is, x = y. In fact, if we set x = y = 1, it can be easily checked that the derivation D = − Diag(1, 1, 1, 2, 2, 2, 2) solves the soliton equation (51) with k = 5 and provides us with an expanding Laplacian soliton (N, ϕ) which is closed. Note that ϕ is far from being an eigenvector of ∆ ϕ .
The following remarks are in order.
• The Lie group N is diffeomorphic to R 7 and it admits a cocompact discrete subgroup Γ. However, the corresponding closed G 2 -structure on the compact manifold M = N/Γ is not necessarily a Laplacian soliton since the vector field X D does not descend to M .
• The Laplacian flow solution ϕ(t) on M = N/Γ starting at ϕ remains locally equivalent to ϕ, is immortal and has apparently no chances to converge in any reasonable sense. However, the norm of the intrinsic torsion T of ϕ(t) converges to zero, as t → ∞.
• On the other hand, it follows from Theorem 4.10 and Proposition 4.16 that the solution on the cover N smoothly converges to the flat (R 7 , ϕ) up to pull-back by time-dependent diffeomorphisms, as t → ∞, uniformly on compact sets of N = R 7 . Laplacian flow evolution of G 2 -structures on homogeneous spaces and their solitons is the subject of the forthcoming paper [L10] .
• X D is not the gradient field of any real smooth function on N , so ϕ is not a gradient soliton.
• The metric g ϕ is a Ricci soliton. This was proved in [FFM] , where existence of closed G 2 -structures on nilpotent Lie groups inducing Ricci solitons is studied, as well as the Laplacian flow evolution of such structures. The solution ϕ(t) was explicitly given in [FFM, Theorem 4.2] , and previously in [B, Section 6 .2.1, Example 2], though the fact that ϕ(t) is a self-similar solution was not mentioned in these papers.
• Existence and uniqueness of closed Laplacian solitons on some nilpotent Lie groups admitting a closed G 2 -structure is studied in [N] .
